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A SURGERY FORMULA FOR THE SECOND YAMABE
INVARIANT
Abstract. Let (M,g) be a compact Riemannian manifold of dimension n ≥ 3.
For a metric g on M , we let λ2(g) be the second eigenvalue of the Yamabe
operator Lg :=
4(n−1)
n−2
∆g + Scalg. Then, the second Yamabe invariant is
defined as
σ2(M) := sup inf
h∈[g]
λ2(h)Vol(M,h)
2/n.
where the supremum is taken over all metrics g and the infimum is taken over
the metrics in the conformal class [g]. Assume that σ2(M) > 0. In the spirit
of [4], we prove that if N is obtained from M by a k-dimensional surgery
(0 ≤ k ≤ n− 3), there exists a positive constant Λn depending only on n such
that σ2(N) ≥ min(σ2(M),Λn). We then give some topological conclusions of
this result.
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2 A SURGERY FORMULA FOR THE SECOND YAMABE INVARIANT
Let (M, g) be a compact Riemannian manifold of dimension n ≥ 3. We denote the
scalar curvature by Scalg. Let us define
µ(M, g) := inf
g˜∈[g]
∫
M
Scalg˜dvg˜ (Volg˜(M))
−(n−2)/n
and
σ(M) := sup
g
µ(M, g)
where, in the definition of µ(M, g), the infimum runs over all the metrics g′ in the
conformal class [g] of g and where, in the definition of σ(M), the supremum is taken
over all the Riemannian metrics g on M . The number µ(M, g), also denoted by
µ(g) if no ambiguity, is called the Yamabe constant while σ(M) is called the Yamabe
invariant. The Yamabe constant played a crucial role in the solution of the Yamabe
problem solved between 1960 and 1984 by Yamabe, Tru¨dinger, Aubin and Schoen.
This problem consists in finding a metric g˜ conformal to g such that the scalar
curvature Scalg˜ of g˜ is constant. For more information, the reader may refer to
[17, 13, 7]. An important geometric meaning of µ(M, g) and σ(M) is contained in
the following well known result:
Proposition 1.1. LetM be a compact differentiable manifold of dimension n ≥ 3.
Then,
• if g is a Riemannian metric on M , the conformal class [g] of g contains a
metric of positive scalar curvature if and only if µ(M, g) > 0.
• M carries a metric g with positive scalar curvature if and only if σ(M) > 0.
Classifying compact manifolds admitting a positive scalar curvature metric is a hard
open problem which was studied by many mathematicians. Significant progresses
were made thanks to surgery techniques. We recall briefly that a surgery on M is
the procedure of constructing from M a new manifold
N :=M \ Sk ×Bn−k ∪Sk×Sn−k−1 B¯
k+1 × Sn−k−1,
by removing the interior of Sk×Bn−k and gluing it with B¯k+1×Sn−k−1 along the
boundaries. Gromov-Lawson and Schoen-Yau proved in [12] and [19] the following
Theorem 1.2. LetM be a compact manifold of dimension n ≥ 3 such that σ(M) >
0. Assume that N is obtained from M by a surgery of dimension k (0 ≤ k ≤ n−3).
Then, σ(N) > 0.
Using cobordism techniques, one deduces:
Corollary 1.3. Every manifold M of dimension n ≥ 5 simply connected and non-
spin, carries a metric of positive scalar curvature.
Later, Kobayashi [15] and Petean-Yun [18] obtained new surgery formulas for σ(M).
These works were generalized by B. Ammann, M. Dahl and E. Humbert in [4] where
they proved in particular
Theorem 1.4. If N is obtained from M by a surgery of dimension 0 ≤ k ≤ n− 3,
then
σ(N) ≥ min(σ(M),Λn),
where Λn is a positive constant depending only on n.
As a corollary, they obtained the following
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Corollary 1.5. Let M be a simply connected compact manifold of dimension
n ≥ 5, then one of this assumptions is satisfied
(1) σ(M) = 0 (which implies that M is spin);
(2) σ(M) ≥ αn, where αn is a positive constant depending only on n.
Now, let us define the Yamabe operator or conformal Laplacian
Lg := a∆g + Scalg,
where a = 4(n−1)n−2 and where ∆g is the Laplace-Beltrami operator. The operator
Lg is an elliptic differential operator of second order whose spectrum is discrete:
Spec(Lg) = {λ1(g), λ2(g), · · · },
where λ1(g) < λ2(g) ≤ · · · are the eigenvalues of Lg. The variational characteriza-
tion of λi(g) is given by
λi(g) = inf
V ∈Gri(H21 (M))
sup
v∈V \{0}
∫
M vLgv dvg∫
M
v2 dvg
,
where Gri(H
2
1 (M)) stands for the i-th dimensional Grassmannian in H
2
1 (M). One
important property of the eigenvalues of Lg is that their sign is a conformal invari-
ant equal to the sign of the Yamabe constant (see [10]). Consequently, a compact
manifold M possesses a metric with positive λ1 if and only if it admits a positive
scalar curvature metric.
Now, if µ(M, g) ≥ 0, it is easy to check that
µ(M, g) = inf
g˜∈[g]
λ1(g˜)Vol(M, g˜)
2
n , (1)
where [g] is the conformal class of g and λ1 is the first eigenvalue of the Yamabe op-
erator Lg. Inspired by these definitions, one can define the second Yamabe constant
and the second Yamabe invariant by
µ2(M, g) = inf
g˜∈[g]
λ2(g˜)Vol(M, g˜)
2
n ,
and
σ2(M) = sup
g
µ2(M, g).
The second Yamabe constant µ2(M, g) or µ2(g) if no ambiguity was introduced
and studied in [6] when µ(M, g) ≥ 0. This study was enlarged in [10] where we
started to investigate the relationships between the sign of the second eigenvalue
of the Yamabe operator Lg and the existence of nodal solutions of the equation
Lgu = ǫ|u|
N−2u, where ǫ = −1, 0,+1. The present paper establishes a surgery
formula for σ2(M) in the spirit of Theorem 1.4. More precisely, our main result is
the following
Theorem 1.6. Let M be a compact manifold of dimension n ≥ 3 such that
σ2(M) > 0. Assume that N is obtained from M by a surgery of dimension
0 ≤ k ≤ n− 3, then we have
σ2(N) ≥ min(σ2(M),Λn),
where Λn is a positive constant depending only on n.
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Note that Ba¨r and Dahl in [8] proved a surgery formula for the spectrum of the
Yamabe operator with interesting topological consequences.
The proof of Theorem 1.6 is inspired by the one of Theorem 1.4 but some new
difficulties arise here. Let us recall the strategy: first, we fix a metric g on M such
that µ2(M, g) is close to σ2(M). Then the goal is to construct on N a sequence of
metrics gθ such that
lim inf
θ→0
µ2(N, gθ) ≥ min(µ2(M, g),Λn)
where Λn > 0 depends only on n (see Theorem 6.1). Surprisingly, if µ(M, g) = 0,
we are not able to prove Theorem 6.1 directly. So the first step is to show that one
can assume that µ(M, g) 6= 0 (see Paragraph 6.1.1). Here, we use exactly the same
metrics than in [4] and use many of their properties established in [4]. The proof
consists in studying the first and second eigenvalues λ1(u
N−2
θ gθ) and λ2(u
N−2
θ gθ)
of LuN−2
θ
gθ
where uθ is such that
µ2(gθ) = λ2(u
N−2
θ gθ)VoluN−2
θ
gθ
(M)2/n,
or in other words, uθ is such that the metric u
N−2
θ gθ achieves the infimum in the
definition of µ2(N, gθ). Two main difficulties arise in this situation:
• Contrary to what happened in [4], we could not show that λ1(u
N−2
θ gθ) and
λ2(u
N−2
θ gθ) are bounded.
• The proof of Theorem 1.4 was consisting in obtaining some good “limit
equations“. The difficulty here is to ensure that
lim
θ
λ1(u
N−2
θ gθ) 6= lim
θ
λ2(u
N−2
θ gθ).
The way to overcome these difficulties is to proceed in two steps: the first one is
to show that λ2(u
N−2
θ gθ) > 0. In a second step, we are able to get the desired
inequality.
Let us now come back to Theorem 1.6. Standard cobordism techniques allow to
deduce the following corollary
Corollary 1.7. Let M be a compact, spin, connected and simply connected man-
ifold of dimension n ≥ 5 with n ≡ 0, 1, 2, 4 mod 8. If |α(M)| ≤ 1, then
σ2(M) ≥ αn,
where αn is a positive constant depending only on n and α(M) is the α-genus of
M (see Section 7).
When M is not spin, the conclusion of the corollary still holds but is a direct ap-
plication of Corollary 1.5 and the fact that σ2(M) ≥ σ(M). Note that:
• In dimensions 1, 2 mod 8, α(M) ∈ Z/2Z and hence the condition on the α-genus
|α(M)| ≤ 1 is always satisfied. We then obtain that on any connected, simply
connected manifold (not necessarily spin) of dimension n ≡ 1, 2 mod 8
σ2(M) ≥ αn,
for some αn > 0 depending only on n.
• In dimensions 0 mod 8, when M is spin, α(M) = Aˆ(M), where Aˆ is the Aˆ-genus.
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Hence ifM is simply connected (not necessarily spin) connected of dimension n ≡ 0
mod 8, |Aˆ| ≤ 1 then
σ2(M) ≥ αn,
where αn is a positive constant depending only on n.
• In dimensions 4 mod 8, when M is spin, we have α(M) = 12 Aˆ(M). When M
is spin and Aˆ(M) ≤ 2, we get that |α(M)| ≤ 1 and consequently, for any simply
connected (not necessarily spin) connected M of dimension n ≥ 5, n ≡ 4 mod 8
with |Aˆ| ≤ 2, we obtain that
σ2(M) ≥ αn,
where αn is a positive constant depending only on n.
Acknowledgements: I would like to thank Emmanuel Humbert for his en-
couragements, support and remarks along this work. I am also very grateful to
Bernd Ammann, Mattias Dahl, Romain Gicquaud and Andreas Hermann for their
remarks and their suggestions.
2. Joining manifolds along a submanifold
2.1. Surgery on manifolds.
Definition 2.1. A surgery on a n-dimensional manifold M is the procedure of
constructing a new n-dimensional manifold
N = (M \ f(Sk ×Bn−k)) ∪ (B
k+1
× Sn−k−1)/ ∼,
by cutting out f(Sk × Bn−k) ⊂ M and replacing it by B
k+1
× Sn−k−1, where f :
Sk×Bn−k →M is a smooth embedding which preserve the orientation and∼means
that we paste along the boundary. Then, we construct on the topological space N
a differential structure and an orientation that makes a differentiable manifold such
that the following inclusions
M \ f(Sk ×Bn−k) ⊂ N,
and
Bk+1 × Sn−k−1 ⊂ N
preserve the orientation. We say that N is obtained from M by a surgery of
dimension k and we will denote M
k
→ N.
Surgery can be considered from another point of view. In fact, it is a special case
of the connected sum: We paste M and Sn along a k-sphere. In this section we
describe how two manifolds are joined along a common submanifold with trivialized
normal bundle. Strictly speaking this is a differential topological construction, but
since we work with Riemannian manifolds we will make the construction adapted to
the Riemannian metrics and use distance neighborhoods defined by the metrics etc.
Let (M1, g1) and (M2, g2) be complete Riemannian manifolds of dimension n. Let
W be a compact manifold of dimension k, where 0 ≤ k ≤ n. Let w¯i :W ×R
n−k →
TMi, i = 1, 2, be smooth embeddings. We assume that w¯i restricted to W × {0}
maps to the zero section of TMi (which we identify with Mi) and thus gives an
embedding W → Mi. The image of this embedding is denoted by W
′
i . Further
we assume that w¯i restrict to linear isomorphisms {p} × R
n−k → Nw¯i(p,0)W
′
i for
all p ∈ Wi, where NW
′
i denotes the normal bundle of W
′
i defined using gi. We
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set wi := exp
gi ◦w¯i. This gives embeddings wi : W × B
n−k(Rmax)→ Mi for some
Rmax > 0 and i = 1, 2. We have W
′
i = wi(W × {0}) and we define the disjoint
union
(M, g) := (M1 ∐M2, g1 ∐ g2),
and
W ′ :=W ′1 ∐W
′
2.
Let ri be the function on Mi giving the distance to W
′
i . Then r1 ◦ w1(p, x) =
r2 ◦w2(p, x) = |x| for p ∈W , x ∈ B
n−k(Rmax). Let r be the function on M defined
by r(x) := ri(x) for x ∈Mi, i = 1, 2. For 0 < ǫ we set Ui(ǫ) := {x ∈Mi : ri(x) < ǫ}
and U(ǫ) := U1(ǫ) ∪ U2(ǫ). For 0 < ǫ < θ we define
Nǫ := (M1 \ U1(ǫ)) ∪ (M2 \ U2(ǫ))/∼,
and
UNǫ (θ) := (U(θ) \ U(ǫ))/∼
where ∼ indicates that we identify x ∈ ∂U1(ǫ) with w2 ◦ w
−1
1 (x) ∈ ∂U2(ǫ). Hence
Nǫ = (M \ U(θ)) ∪ U
N
ǫ (θ).
We say that Nǫ is obtained from M1, M2 (and w¯1, w¯2) by a connected sum along
W with parameter ǫ.
The diffeomorphism type of Nǫ is independent of ǫ, hence we will usually write
N = Nǫ. However, in situations when dropping the index causes ambiguities, we
will keep the notation Nǫ. For example the function r : M → [0,∞) gives a
continuous function rǫ : Nǫ → [ǫ,∞) whose domain depends on ǫ. It is also going
to be important to keep track of the subscript ǫ on UNǫ (θ) since crucial estimates
on solutions of the Yamabe equation will be carried out on this set.
The surgery operation on a manifold is a special case of taking connected sum
along a submanifold. Indeed, let M be a compact manifold of dimension n and
let M1 = M , M2 = S
n, W = Sk. Let w1 : S
k × Bn−k → M be an embedding
defining a surgery and let w2 : S
k×Bn−k → Sn be the canonical embedding. Since
Sn \ w2(S
k × Bn−k) is diffeomorphic to Bk+1 × Sn−k−1 we have in this situation
that N is obtained from M using surgery on w1, see [16, Section VI, 9].
3. The constants Λn,k
3.1. Definition of Λn,k. In this paragraph, we define some constants Λn,k in the
same way than in [4]. The only difference is that the functions we considered are
not necessarily positive. More precisely, let (M,h) be a Riemannian manifold of
dimension n ≥ 3. For i = 1, 2 we denote by Ω(i) the set of C2 functions v (not
necessarily positive) solution of the equation
Lhv = µ|v|
N−2v,
where µ ∈ R . We assume that v satisfies
• v 6≡ 0,
• ‖v‖LN(M) ≤ 1,
• v ∈ L∞(M),
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together with
• v ∈ L2(M), for i = 1,
or
• µ‖v‖N−2L∞(M) ≥
(n− k − 2)2(n− 1)
8(n− 2)
, for i = 2.
For i = 1, 2, we set
µ(i)(M,h) := inf
v∈Ω(i)(M,h)
µ(v).
If Ω(i)(M,h) is empty, we set µ(i) =∞.
Definition 3.1. For n ≥ 3 and 0 ≤ k ≤ n− 3, we define
Λ
(i)
n,k := inf
c∈[−1,1]
µ(i)(Hk+1c × S
n−k−1),
and
Λn,k := min(Λ
(1)
n,k,Λ
(2)
n,k),
where
H
k+1
c := (R
k × R, ηk+1c = e
2ctξk + dt2)
When considering only positive functions v, B. Ammann, M. Dahl and E. Humbert
proved in [4] that these constants are positive. It is straightforward to see that the
positivity of v has no role in their proof and hence it remains true that Λn,k > 0.
They gave also explicit positive lower bounds of these constants and many of their
techniques still hold in this context but we will not discuss this fact here. For more
informations, the reader may refer to [2], [3] and [5] .
4. Limit spaces and limit solutions
Lemma 4.1. Let M be an n-dimensional manifold. let (gθ) be a sequence of
metrics which converges toward a metric g in C2 on all compact K ⊂ M when
θ → 0. Assume that vθ is a sequence of functions such that ‖vθ‖L∞(M) is bounded
and ‖Lgθvθ‖L∞(M) tends to 0. Then, there exists a smooth function v solution of
the equation
Lgv = 0
such that vθ tends to v in C
1 on each compact set K ⊂⊂ V .
Proof: Let K,K ′ be compact sets of M such that K ′ ⊂ K, we have
−gijθ
(
∂i∂jvθ − Γ
k
ij∂kvθ
)
+
n− 2
4(n− 1)
Scalgθvθ = fθ → 0.
Using Theorem 9.11 in [11], one easily checks that
‖vθ‖H2,p(K′,g) ≤ C(‖Lgθvθ‖Lp(K,gθ) + ‖vθ‖Lp(K,gθ)).
It follows that vθ is bounded in H
2,p(K ′, g) for all p ≥ 1. Using Kondrakov’s
theorem, there exists vK′ such that vθ tends to vK′ in C
1(K ′). Taking an increasing
sequence of compact sets Km such that ∪mKm = M , (vθ) converges to vm on
C1(Km), we define v := vm on Km. Using the diagonal extraction process, we
deduce that vθ tends to v in C
1 on any compact set and that v verifies the same
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Yamabe equation as vθ. Since for each compactly supported smooth function ϕ,
we have ∫
M
Lgθϕvθdvgθ →
∫
M
Lgϕvdvg,
and
‖Lgθvθ‖L∞(M) → 0,
we obtain that Lgv = 0 in the sense of distributions. Using standard regularity
theorems, v is smooth.
5. L2-estimates on WS-bundles
We suppose that the product P := I ×W ×Sn−k−1 is equipped with a metric gWS
of the form
gWS = dt
2 + e2ϕ(t)ht + σ
n−k−1
and we mean by WS-bundle this product, where ht is a smooth family of metrics
onW and depending on t and ϕ is a function on I. Let π : P → I be the projection
onto the first factor and Ft = π
−1(t) = {t}×W × Sn−k−1, and the metric induced
on Ft is defined by
gt := dt
2 + e2ϕ(t)ht + σ
n−k−1.
Let Ht be the mean curvature of Ft in P , it is given by the following
Ht = −
k
n− 1
ϕ′(t) + e(ht),
with e(ht) :=
1
2 trht(∂tht). The derivative of the element of volume of Ft is
∂tdvgt = −(n− 1)Htdvgt .
From the definition of Ht, when t→ ht is constant, we obtain that
Ht = −
k
n− 1
ϕ′(t).
Definition 5.1. We say that the condition (At) is verified if the following assump-
tions are satisfied:
1.) t 7→ ht is constant,
2.) e−2ϕ(t) infx∈W Scalht(x) ≥ −n−k−232 a,
3.) |ϕ′(t)| ≤ 1,
4.) 0 ≤ −2kϕ′′(t) ≤ 12 (n− 1)(n− k − 2)
2.
(At)
Similarly, for the condition Bt, we should have another assumptions to verify
1.) t 7→ ϕ(t) is constant,
2.) infx∈Ft Scal
gWS(x) ≥ 12Scal
σn−k−1 = 12 (n− k − 1)(n− k − 2),
3.) (n−1)
2
2 e(ht)
2 + n−12 ∂te(ht) ≥ −
3
64 (n− k − 2).
(Bt)
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Theorem 5.2. Let α, β ∈ R such that [α, β] ⊂ I. We suppose also that one of the
conditions (At) and (Bt) is satisfied. We assume that we have a solution v of the
equation
LgWSv = a∆gWSv + ScalgWSv = µuN−2v + d∗A(dv) +Xv + ǫ∂tv − sv (2)
where s, ǫ ∈ C∞(P ), A ∈ End(T ∗P ), and X ∈ Γ(TP ) are perturbation terms
coming from the difference between G and gWS. We assume that the endomorphism
A is symmetric and that X and A are vertical, that is dt(X) = 0 and A(dt) = 0.
Such that
µ‖u‖N−2L∞(P ) ≤
(n− k − 2)2(n− 1)
8(n− 2)
. (3)
Then there exists c0 > 0 independent of α, β, and ϕ, such that if
‖A‖L∞(P ), ‖X‖L∞(P ), ‖s‖L∞(P ), ‖ǫ‖L∞(P ), ‖e(ht)‖L∞(P ) ≤ c0
then ∫
π−1((α+γ,β−γ))
v2 dvgWS ≤
4‖v‖2L∞
n− k − 2
(Volgα(Fα) + Vol
gβ (Fβ)) ,
where γ :=
√
32
n−k−2 .
Remark that we should have β − α > 2γ to obtain our result and note that this
theorem gives us an estimate of ‖v‖L2 .
For the proof of this Theorem, we mimic exactly the proof of Theorem 6.2 in [4].
The only difference is that we consider here a nodal solution (and not a positive
solution) of the equation
LgWSv = µuN−2v + d∗A(dv) +Xv + ǫ∂tv − sv.
Other details are exactly the same.
6. Main Theorem
Theorem 1.6 is a direct corollary of
Theorem 6.1. Let (M, g) be a compact Riemannian manifold of dimension n ≥ 3
such that µ2(M, g) > 0 and let N be obtained from M by a surgery of dimension
0 ≤ k ≤ n− 3. Then there exists a sequence of metrics gθ such that
lim inf
θ→0
µ2(N, gθ) ≥ min(µ2(M, g),Λn),
where Λn > 0 depends only on n.
Indeed, to get Theorem 1.6, it suffices to apply Theorem 6.1 with a metric g such
that µ2(M, g) is arbitrary closed to σ2(M). The conclusion easily follows since
µ2(N, gθ) ≤ σ2(M). This section is devoted to the proof of Theorem 6.1.
6.1. Construction of the metric gθ.
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6.1.1. Modification of the metric g. For a technical reason, we will need in the proof
of Theorem 6.1 that µ(g) 6= 0. To get rid of this difficulty, we need the following
proposition:
Proposition 6.2. There exists on M a metric g′ arbitrary close to g in C2 such
that µ(g′) 6= 0.
Indeed, let us assume for a while that Theorem 6.1 is true if µ(g) 6= 0 and let us
see that the result remains true if µ(g) = 0. A first observation is that if g′ is close
enough to g in C2, then as one can check, µ2(g
′) is close to µ2(g). Let us consider a
metric g′ given by Proposition 6.2 close enough to g so that µ2(g′) > µ2(g)− ǫ > 0
for an arbitrary small ǫ. From Theorem 6.1 applied to g′, we obtain a sequence of
metrics gθ on N such that
lim inf
θ→0
µ2(N, gθ) ≥ min(µ2(M, g
′),Λn) ≥ min(µ2(M, g)− ǫ,Λn).
Letting ǫ tend to 0, we obtain Theorem 6.1. It remains to prove Proposition 6.2.
Proof of Proposition 6.2: At first, in order to simplify notations, we will
consider g as a metric on M ∐ Sn and equal to the standard metric g = σn on
Sn. Since µ(g) = 0, we can assume that Scalg = 0, possibly making a conformal
change of metrics. Let us consider a metric h for which Scalh is negative and
constant and whose existence is given in [7]. Consider the analytic family of metrics
gt := th+(1− t)g. Since the first eigenvalue λt of Lgt is simple, the function t→ λt
is analytic (see for instance Theorem VII.3.9 in [14]). Since λ0 = 0 and λ1 < 0, it
follows that for t arbitrary close to 0, λt 6= 0. Proposition 6.2 follows since µ(gt)
has the same sign than λt.
6.1.2. Definition of the metric gθ. As explained above, we will use the same con-
struction as in [4]. Consequently, we give the definition of gθ without additional
explanations. The reader may refer to [4] for more details. We keep the same nota-
tions than in Section 2. Let h1 be the restriction of g to the surgery sphere S
′
1 ⊂M
and h2 be the restriction of the standard metric σ
n = g on Sn to S′2 ⊂ S
n. Define
S′ := S′1 ∐ S
′
2 and h := h1 ∐ h2 on S
′. In the following, r denotes the distance
function to S′ in (M ∐Sn, g∐σn). In polar coordinates, the metric g has the form
g = h+ ξn−k + T = h+ dr2 + r2σn−k−1 + T (4)
on U(Rmax) \ S
′ ∼= S′ × (0, Rmax) × Sn−k−1. Here T is a symmetric (2, 0)-tensor
vanishing on S′ which is the error term measuring the fact that g is not in general
a product metric (at least near S′1). We also define the product metric
g′ := h+ ξn−k = h+ dr2 + r2σn−k−1, (5)
on U(Rmax) \ S
′ so that g = g′ + T . As in [4], we have
|T (X,Y )| ≤ Cr|X |g′ |Y |g′ ,
|(∇UT )(X,Y )| ≤ C|X |g′ |Y |g′ |U |g′ ,
|(∇2U,V )T (X,Y )| ≤ C|X |g′ |Y |g′ |U |g′ |V |g′ ,
for X,Y, U, V ∈ TxM and x ∈ U(Rmax). We define T1 := T |M and T2 := T |Sn. We
fix R0 ∈ (0, Rmax), R0 < 1 and choose a smooth positive function F : M \ S
′ → R
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such that
F (x) =
{
1, if x ∈M \ U1(Rmax) ∐ S
n \ U2(Rmax);
r(x)−1, if x ∈ Ui(R0) \ S′.
Next we choose a sequence θ = θj of positive numbers tending to 0. For any θ we
then choose a number δ0 = δ0(θ) ∈ (0, θ) small enough to suit with the arguments
below. For any θ > 0 and sufficiently small δ0 there is Aθ ∈ [θ
−1, (δ0)−1) and a
smooth function f : U(Rmax)→ R depending only on the coordinate r such that
f(x) =
{
− ln r(x), if x ∈ U(Rmax) \ U(θ);
lnAθ, if x ∈ U(δ0),
and such that∣∣∣∣r dfdr
∣∣∣∣ = ∣∣∣∣ dfd(ln r)
∣∣∣∣ ≤ 1, and ∥∥∥∥r ddr
(
r
df
dr
)∥∥∥∥
L∞
=
∥∥∥∥ d2fd2(ln r)
∥∥∥∥
L∞
→ 0 (6)
as θ → 0. Set ǫ = e−Aθδ0 that we assume smaller than 1 and use this ǫ to construct
M as in Section 2. On UNǫ (Rmax) = (U(Rmax) \ U(ǫ)) /∼ we define t by
t :=
{
− ln r1 + ln ǫ, on U1(Rmax) \ U1(ǫ);
ln r2 − ln ǫ, on U2(Rmax) \ U2(ǫ).
One checks that
• ri = e
|t|+ln ǫ = ǫe|t|;
• F (x) = ǫ−1e−|t| for x ∈ U(R0) \ UN (θ), or equivalently if |t|+ ln ǫ ≤ lnR0
and hence
F 2g = ǫ−2e−2|t|(h+ T ) + dt2 + σn−k−1
on U(R0) \ U
N(θ);
• and
f(t) =
{
−|t| − ln ǫ, if ln θ − ln ǫ ≤ |t| ≤ lnRmax − ln ǫ;
lnAθ, if |t| ≤ ln δ0 − ln ǫ.
We have |df/dt| ≤ 1, ‖d2f/dt2‖L∞ → 0. Now, we choose a cut-off function χ : R→
[0, 1] such that χ = 0 on (−∞,−1], |dχ| ≤ 1, and χ = 1 on [1,∞). Finally, we
define
gθ :=

F 2gi, on Mi \ Ui(θ);
e2f(t)(hi + Ti) + dt
2 + σn−k−1, on Ui(θ) \ Ui(δ0);
A2θχ(t/Aθ)(h2 + T2) +A
2
θ(1− χ(t/Aθ))(h1 + T1)
+ dt2 + σn−k−1,
on UNǫ (δ0).
Moreover, the metric gθ can be written as
gθ := g
′
θ + T˜t on U
N (R0),
where g′θ is the metric without error term and it is equal to
g′θ = e
2f(t)h˜t + dt
2 + σn−k−1,
where the metric h˜t is given by
h˜t := χ(
t
Aθ
)h2 + (1− χ(
t
Aθ
))h1,
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and T˜t is the error term and his expression is given by the following
T˜t := e
2f(t)(χ(
t
Aθ
)T2 + (1− χ(
t
Aθ
))T1).
We further have the following properties of the error term T˜t
|T˜ (X,Y )| ≤ Cr|X |g′
θ
|Y |g′
θ
,
|∇T˜t|g′
θ
≤ Ce−f(t),
|∇2T˜t|g′
θ
≤ Ce−f(t),
where ∇ is the Levi-Civita connection with respect to the metric g′θ, for all X ,
Y ∈ TxN and x ∈ U
N (R0).
6.2. A preliminary result. In order to prove Theorem 6.1, we will start by prov-
ing the following results.
Theorem 6.3. Part 1: let (uθ) be a sequence of functions which satisfy
Lgθuθ = λθ|uθ|
N−2uθ,
such that
∫
N
|uθ|
Ndvgθ = 1 and λθ →θ→0 λ∞, where λ∞ ∈ R. Then, at least one
of the two following assertions is true
(1) λ∞ ≥ Λn, where Λn > 0 depends only on n;
(2) there exists a function u ∈ C∞(M∐Sn), u ≡ 0 on Sn, u 6≡ 0 onM solution
of
Lgu = λ∞|u|N−2u,
with ∫
M
|u|Ndvg = 1
such that for all compact sets K ⊂ M ∐ Sn \ S′ (note that K can also
be considered as a subset of N), F
n−2
2 uθ tends to u in C
2(K), where F is
defined in Section 6.1. Moreover, we have
(a) the norm L2 of uθ is bounded uniformly in θ;
(b) limb→0 lim supθ→0 supUN (b) uθ = 0;
(c) limb→0 lim supθ→0
∫
UN (b) u
N
θ dvgθ = 0.
Part 2: let uθ be as in Part 1 above and assume that Assertion 2) is true. Let vθ
be a sequence of functions which satisfy
Lgθvθ = µθ|uθ|
N−2vθ,
such that
∫
N
vNθ dvgθ = 1, µθ → µ∞ where µ∞ < µ(S
n). Then, there exists a
function v ∈ C∞(M ∐ Sn), v ≡ 0 on Sn, v 6≡ 0 on M solution of
Lgv = µ∞|u|N−2v
with ∫
M
|v|Ndvg = 1
and such that for all compact sets K ⊂M ∐ Sn \ S′, F
n−2
2 vθ tends to v in C
2(K).
Moreover,
(1) the norm L2 of vθ is bounded uniformly in θ;
(2) limb→0 lim supθ→0 supUN (b) vθ = 0;
(3) limb→0 lim supθ→0
∫
UN (b) v
N
θ dvgθ = 0.
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6.2.1. Proof of Theorem 6.3 Part 1. Let (uθ) be a sequence of functions which
satisfy
Lgθuθ = λθ|uθ|
N−2uθ,
such that
∫
N |uθ|
N dvgθ = 1 and λθ →θ→0 λ∞, where λ∞ ∈ R. We proceed exactly
as in [4] where here, the manifold M2 is S
n equiped with the standard metric σn,
and where W is the sphere Sk. The only difference will be that uθ may now have
a changing sign.
Remark 6.4. In the proof of the main theorem in [4], it was proven that
λ∞ > −∞.
Here, we made the assumption that λ∞ has a limit. Without this assumption, one
could again prove that λ∞ > −∞ but the point here is that there is no reason why
λ∞ should be bounded from above contrary to what happened in [4].
The argument of Corollary 7.7 in [4] still holds here and shows that
lim inf
θ
‖uθ‖L∞(N) > 0. (7)
Several cases are studied:
Case I. lim supθ→0 ‖uθ‖L∞(N) =∞.
Set mθ := ‖uθ‖L∞(N) and choose xθ ∈ N such that uθ(xθ) = mθ. After taking a
subsequence, we can assume that limθ→0mθ =∞. We have to study the following
two subcases.
Subcase I.1. There exists b > 0 such that xθ ∈ N \ U
N(b) for an infinite number
of θ.
Subcase I.2. For all b > 0 it holds that xθ ∈ U
N (b) for θ sufficiently small.
Case II. There exists a constant C0 such that ‖uθ‖L∞(N) ≤ C0 for all θ.
Subcase II.1. There exists b > 0 such that
lim inf
θ→0
(
λθ sup
UN (b)
uθ
N−2
)
<
(n− k − 2)2(n− 1)
8(n− 2)
.
Subsubcase II.1.1. lim supb→0 lim supθ→0 supUN (b) uθ > 0.
Subsubcase II.1.2. limb→0 lim supθ→0 supUN (b) uθ = 0.
Subcase II.2.
λθ sup
UN (b)
uθ
N−2 ≥
(n− k − 2)2(n− 1)
8(n− 2)
In Subcases I.1 and I.2, it is shown in [4] that λ∞ ≥ µ(Sn). The proof still holds
when uθ has a changing sign. In Subsubcase II.1.1 and Subcase II.2, we obtain
that λ∞ ≥ Λn,k where Λn,k is a positive number depending only on n and k. The
definition of Λn,k in [4] is the infimum of energies of positive solutions of the Yam-
abe equation on model spaces (see Section 3). This definition has to be slightly
modified to allow nodal solutions. As explained in Section 3 the proof that Λn,k > 0
remains the same.
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In Subcases I.1, I.2, II.1.1 and II.2, we then get that λ∞ ≥ Λn, where
Λn := min
k∈{0,··· ,n−3}
{Λn,k, µ}.
In particular, Assertion 1) of part 1 in Theorem 6.3 is true. So let us examine
Subsubcase II.1.2. The assumption of Subcase II.1 allows to obtain as in [4] that∫
N
u2θdvgθ ≤ C. (8)
for some C > 0. The assumptions of Subcase II.1.2 are that
sup
N
(uθ) ≤ C (9)
and that
lim sup
b→0
lim sup
θ→0
sup
UN (b)
uθ = 0. (10)
Step 1. We prove that limb→0 lim supθ→0
∫
UN (b)
|uθ|
N dvgθ = 0.
Let b > 0. We have, by Relation (8)∫
UN (b)
|uθ|
N dvgθ ≤ A0 sup
UN (b)
|uθ|
N−2,
where A0 is a positive number which does not depend on b and θ. The claim then
follows from (10).
Step 2. C2 convergence on all compact sets of M ∐ Sn \ S′.
Let (Ωj)j be an increasing sequence of subdomains of (M ∐ S
n \ S′) with smooth
boundary such that
⋃
j Ωj = M ∐ S
n \ S′, Ωj ⊂ Ωj+1. The norm ‖uθ‖L∞(N) is
bounded, then so is ‖uθ‖L∞(Ωj+1). Using standard results on elliptic regularity (for
more details, see for example [11]), we see that the sequence (uθ) is bounded in
the Sobolev space H2,p(Ω′j) ∀p ∈ (1,∞) where Ω
′
j is any domain such that Ωj ⊂
Ω′j ⊂ Ω
′
j ⊂ Ωj+1. The Sobolev embedding Theorem implies that (uθ) is bounded
in C1,α(Ωj) for any α ∈ (0, 1). (See Theorem 4.12 in [1] for more informations on
Sobolev embedding Theorems).
Now we use a diagonal extraction process, by taking successive subsequences, it
follows that (uθ) converges to functions u˜j ∈ C
1(Ωj) and such that u˜j|Ωj−1 = u˜j−1.
We define
u˜ = u˜j on Ωj .
By taking a diagonal subsequence of uθ, we get that uθ tends to u˜ in C
1 on any
compact subset of M ∐ Sn \ S′ and by C1-convergence of the functions uθ, the
function u˜ satisfies the equation
Lgθ u˜ = λ∞|u˜|
N−2u˜ on M ∐ Sn \ S′. (11)
We recall that gθ = F
2g = (F
n−2
2 )
4
n−2 g on UN (b). By conformal invariance of the
Yamabe operator we obtain for all v
LF 2gv = F
−n+22 Lg(F
n−2
2 v).
Now we set
u = F
n−2
2 u˜.
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We obtain
Lgu = F
n+2
2 LF 2gu˜
= F
n+2
2 λ∞|u˜|N−2u˜
= λ∞|u|N−2u.
This shows that u is a solution on (M ∐ Sn \ S′, g) of the following equation
Lgu = λ∞|u|N−2u.
Moreover, using Step 1 and the fact that
∫
N
uNθ dvgθ = 1, the function u satisfies∫
M∐Sn
uN dvg =
∫
M∐Sn\S′
u˜N dvg
= lim
b→0
lim
θ→0
∫
UN (b)
uNθ dvgθ
= 1.
Step 3. Removal of the singularity
The next step is to show that u is a solution on all M ∐ Sn of
Lgu = λ∞|u|N−2u. (12)
To prove this fact, we will show that for all ϕ ∈ C∞(M ∐ Sn), we have∫
M∐Sn
Lguϕdvg =
∫
M∐Sn
λ∞|u|N−2uϕdvg.
First, we have∫
M∐Sn
uLgϕdvg =
∫
M∐Sn
uLg(ϕ− χǫϕ+ χǫϕ) dvg
=
∫
M∐Sn
uLg(χǫϕ) dvg +
∫
M∐Sn
uLg((1 − χǫ)ϕ) dvg,
where ∣∣∣∣∣∣∣∣∣∣
χǫ = 1 if dg(x, S
′) < ǫ,
χǫ = 0 if dg(x, S
′) ≥ 2ǫ,
|dχǫ| <
2
ǫ .
Since (1 − χǫ) is compactly supported in M ∐ S
n \ S′, we have∫
M∐Sn
uLg((1 − χǫ)ϕ) dvg =
∫
M∐Sn
(Lgu)(1− χǫ)ϕdvg
→
∫
M∐Sn
Lguϕdvg =
∫
M∐Sn
λ∞|u|N−2uϕdvg.
Then, it remains to prove that∫
M∐Sn
uLg(χǫϕ) dvg → 0.
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We have
Lg(χǫϕ) = Cn∆(χǫϕ) + Scalg(χǫϕ)
= Cn∆χǫϕ+ Cn∆ϕχǫ + Scalg(χǫϕ)− 2 〈∇χǫ,∇ϕ〉
= χǫLgϕ+ Cn(∆χǫ)ϕ− 2 〈∇χǫ,∇ϕ〉 .
According to Lebesgue Theorem, it holds that∫
M∐Sn
uχǫLgϕdvg → 0 a.e.
Further, we have∣∣∣∣∫
M∐Sn
uLg(χǫϕ) dvg
∣∣∣∣ ≤ Cǫ2
∫
Cǫ
u dvg (13)
≤
C
ǫ2
(∫
Cǫ
u2 dvg
) 1
2
(Vol(Supp(Cǫ)))
1
2 , (14)
where Cǫ = {x ∈M ∐ S
n; ǫ < d(x, S′) < 2ǫ} = UN (2ǫ) \ UN (ǫ).
In addition, we get from (8) that∫
N
u˜2 dvF 2g < +∞,
which implies that ∫
Cǫ
u˜2 dvF 2g < +∞.
Let us compute ∫
Cǫ
u˜2 dvgθ =
∫
Cǫ
(
F
n−2
2
) 2n
n−2
F−(n−2)u2 dvg
=
∫
Cǫ
F 2u2 dvg < +∞.
We recall that F = 1r on Cǫ. Coming back to (13), we deduce∣∣∣∣∫
M
uLg(χǫϕ) dvg
∣∣∣∣ ≤ Cǫ2
(∫
Cǫ
u2F 2
F 2
dvg
) 1
2
(Vol(Cǫ))
1
2
≤
C
ǫ2
× ǫ× ǫ
n−k
2 = Cǫ
n−k
2 −1.
Since k ≤ n− 3, we have
n− k
2
− 1 > 0,
which implies that ∫
M∐Sn
uLg(χǫϕ) dvg → 0.
Finally, we get that u is a solution on M ∐ Sn of the equation
Lgu = λ∞|u|N−2u.
Step 4. We have either u ≡ 0 on Sn either λ∞ ≥ µ(Sn).
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Note that the function u verifies∫
M∐Sn
|u|N dvg ≤ 1. (15)
Since ∫
M∐Sn
|u|N dvg =
∫
M∐Sn
|u˜|N dvgθ
≤
∫
N
|u˜|N dvgθ
≤ lim
θ→0
∫
N
|uθ|
N dvgθ = 1.
Assume that u 6≡ 0 on Sn.
Setting w = u|Sn and using equations (12) and (15), we have
µ(Sn) ≤ Y (w) =
λ∞
∫
Sn
wN dvg(∫
Sn
wN dvg
)n−2
n
= λ∞
(∫
Sn
wN dvg
) 2
n
≤ λ∞.
Then we obtain that λ∞ ≥ µ(Sn) and hence, the conclusion 1) of Theorem 6.3 Part
1 is true.
6.2.2. Proof of Theorem 6.3 Part 2. We consider a function vθ satisfying
Lgθvθ = µθ|uθ|
N−2vθ, (16)
with ∫
N
|vθ|
N dvgθ = 1.
A first remark is the following: as in Lemma 7.6 of [4], we observe that UN(b) is a
WS-bundle for any b > 0. Since uθ satisfies
lim
b→0
lim sup
θ→0
sup
UN (b)
uθ = 0.
Then, for b small enough, we have
µθ‖uθ‖
N−2
UN (b) ≤
(n− k − 2)2(n− 1)
8(n− 2)
.
We then can apply Theorem 5.2 on UN(b) and the proof of Lemma 7.6 of [4] shows
that there exists numbers c1, c2 > 0 independent of θ such that∫
N
|vθ|
2 dvgθ ≤ c1‖vθ‖
2
L∞(N) + c2. (17)
As a consequence, we get that
lim inf
θ→0
‖vθ‖L∞(N) > 0.
Indeed, assume that
lim
θ→0
‖vθ‖L∞(N) = 0.
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By Equation (17), we have
1 =
∫
N
|vθ|
N dvgθ ≤ ‖vθ‖
N−2
L∞(N)
∫
N
|vθ|
2 dvgθ
≤ ‖vθ‖
N−2
L∞(N)(c1‖vθ‖
2
L∞(N) + c2)→ 0,
as θ → 0. This gives the desired contradiction. In the rest of the proof, we will
study several cases. In what follows, only Subcase II.1.2 will be a big deal: Subcases
I.1, I.2 and II.1 will be excluded by arguments mostly contained in [4]. So we will
just give few explanations for these cases.
Case I. lim supθ→0 ‖vθ‖L∞(N) =∞.
Set mθ := ‖vθ‖L∞(N) and choose xθ ∈ N with vθ(xθ) = mθ. After taking a
subsequence we can assume that limθ→0mθ =∞.
Subcase I.1. There exists b > 0 such that xθ ∈ N \ U
N(b) for an infinite number
of θ.
By taking a subsequence we can assume that there exists x¯ ∈ M ∐ Sn \ U(b) such
that limθ→0 xθ = x¯. We define g˜θ := m
4
n−2
θ gθ. For r > 0, [4] tells that for θ small
enough, there exists a diffeomorphism
Θθ : B
n(0, r)→ Bgθ (xθ,m
− 2
n−2
θ r)
such that the sequence of metrics (Θ∗θ(g˜θ)) tends to the flat metric ξ
n in C2(Bn(0, r)),
where Bn(0, r) is the standard ball in Rn centered in 0 with radius r. We let
u˜θ := m
−1
θ uθ, v˜θ := m
−1
θ vθ and we have
Lg˜θ v˜θ = λθu˜
N−2
θ v˜θ
=
λθ
mN−2θ
uθ
N−2v˜θ.
Since ‖uθ‖L∞(N) ≤ C, it follows that ‖Lg˜θ v˜θ‖L∞(N) tends to 0. Applying Lemma
4.1, we obtain a solution v 6≡ 0 of the following equation on Rn Lξnv = 0. Since
Scalξn = 0, v is harmonic and admits a maximum at x = 0. As a consequence, v is
constant equal to v(0) = 1. This is a contradiction, since ‖v‖LN ≤ 1.
Subcase I.2. For all b > 0 it holds that xθ ∈ U
N (b) for θ sufficiently small.
We proceed as in Subcase I.2 in [4]. As in Subcase I.1 above, we get from Lemma
4.1 a function v which is harmonic on Rn and admits a maximum at x = 0. This
is again a contradiction.
Case II. There exists a constant C0 such that ‖vθ‖L∞(N) ≤ C0 for all θ.
By (17), there exists a constant A0 independent of θ such that
‖vθ‖L2(N,gθ) ≤ A0. (18)
We split the treatment of Case II into two subcases.
Subcase II.1. lim supb→0 lim supθ→0 supUN (b) vθ > 0.
Again mimicking what is done in [4], we obtain from Lemma 4.1 a function v
which is a solution of LGcv = 0 on R
k+1 × Sn−k−1, Gc for some c ∈ [−1, 1] where
Gc = e
2csξk + ds2 + σn−k−1. In Subcases I.1 and I.2, we used the fact that λθ
mN−2
θ
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tends to 0 to show that at the limit LGcv = 0. Here, the argument is different: first
we set α0 :=
1
2 lim supb→0 lim supθ→0 supUN (b) vθ > 0. Then, we can suppose that
there exists a sequence of positive numbers (bi) and (θi) such that
sup
UN (bi)
vθi ≥ α0,
for all i. To simplify, we write θ for θi and b for bi. Take x
′
θ ∈ U
N (bθ) such that
vθ(x
′
θ) ≥ α0.
For r, r′ > 0, we define
Uθ(r, r
′) := Bh˜tθ (yθ, e−f(tθ)r)× [tθ − r′, tθ + r′]× Sn−k−1.
As in [4], the function v is obtained as the limit of vθ on each Uθ(r, r
′) (with
r, r′ > 0). The fact that LGcv = 0 follows from the observation that
sup
Uθ(r,r′)
|uθ| = 0,
hence
|uθ|
N−2vθ → 0 uniformly on Uθ(r, r′).
Subcase II.2. limb→0 lim supθ→0 supUN (b) vθ = 0.
By the same method than in Subsection 6.2.1, we obtain that there is a function v
solution of the following equation
Lgv = µ∞|u|N−2v,
such that ∫
N
vN dvg ≤ 1.
Suppose that v 6≡ 0 on Sn, then we have
µ(Sn) ≤ Y (v) = µ∞
∫
Sn
uN−2v2 dvg
(
∫
Sn
vN dvg)
2
N
= 0
since u ≡ 0 on Sn. This is a contradiction. This proves that v 6≡ 0 on Sn. By the
same argument than in Part 1, we have
∫
M
|v|Ndvg = 1. We finally obtain that the
function v satisfies all the desired conclusions of Theorem 6.3 Part 2.
6.3. Proof of Theorem 6.1. Let (gθ) the sequence of metrics defined on N as in
Section 6.1.
Step 1: For θ small enough, we show that if
λk(M, g) > 0⇒ λk(N, gθ) > 0,
where λk is the k
th eigenvalue associated to the Yamabe equation.
Remark 6.5. Note that this step implies that the existence of a metric with positive
λk is preserved by surgery of dimension k ∈ {0, · · · , n− 3}. This is an alternative
proof of a result already contained in [8].
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We proceed by contradiction and we suppose that λk(N, gθ) ≤ 0. Let uθ be a
minimizing solution of the Yamabe problem. By referring to [10], there exists
functions vθ,1 = uθ, vθ,2, · · · , vθ,k solution of the following equation on N
Lgθvθ,i = λθ,iu
N−2
θ vθ,i,
where
λθ,i = λi(N, u
N−2
θ gθ),
such that ∫
N
vθ,i
N dvgθ = 1 and
∫
N
uθ
N−2vθ,ivθ,j dvgθ = 0 for all i 6= j.
By conformal invariance of the sign of the eigenvalues of the Yamabe operator (see
[10]), we have
λθ,i = λi(N, u
N−2
θ gθ) ≤ 0.
Moreover, by construction, it is easy to check that λθ,1 = µθ where µθ = µ(N, gθ)
is the Yamabe constant of the metric gθ. The main theorem in [4] implies that
limθ→0 λθ,1 = limθ→0 µθ > −∞. It follows that there exists a constant C > 0
such that −C ≤ λθ,1 ≤ · · · ≤ λθ,k ≤ 0. Then, for all i, λθ,i is bounded and by
restricting to a subsequence we can assume that λ∞,i := limθ→0 λθ,i exists. Parts
1) and 2) of Theorem 6.1 give the existence of functions u = v1, · · · , vk defined on
M, with vi 6= 0 for all i such that F
n−2
2 vθ,i tends to vi in C
1 on each compact set
K ⊂M ∐ Sn \ S′. The functions vi are solutions of the following equation
Lgvi = λ∞,iuN−2vi.
Moreover, we have∫
M
|vi|
N dvg ≤ 1 and lim
b→0
lim sup
θ→0
∫
UNǫ (b)
|vθ,i|
N dvg = 0.
Let us show that for all i 6= j, we get that∫
M
uN−2vivj dvg = 0.
Set
u˜θ = F
n−2
2 uθ,
and
v˜θ,i = F
n−2
2 vθ,i.
For b > 0 small, we have for i 6= j∫
M\U(b)
uN−2vivj dvg = limθ→0
∫
M\U(b)=N\UNǫ (b) u˜
N−2
θ v˜θ,iv˜θ,jdvg
= limθ→0
∫
M\U(b)=N\UNǫ (b) u
N−2
θ vθ,ivθ,jdvgθ
where we used dvgθ = F
ndvg. Using now the fact that
∫
N
uN−2θ vθ,ivθ,j dvgθ = 0,
we get ∣∣∣∣∣
∫
M\U(b)
uN−2vivj dvg
∣∣∣∣∣ =
∣∣∣∣∣ limθ→0
∫
N\UNǫ (b)
uN−2θ vθ,ivθ,j dvgθ
∣∣∣∣∣
= lim
θ→0
∣∣∣∣∣
∫
UNǫ (b)
uN−2θ vθ,ivθ,j dvgθ
∣∣∣∣∣ .
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We write∣∣∣∣∣
∫
UNǫ (b)
uN−2θ vθ,ivθ,j dvgθ
∣∣∣∣∣ ≤
(∫
UNǫ (b)
uNθ dvgθ
)N−2
N
(∫
UNǫ (b)
|vθ,i|
N dvgθ
) 1
N
(∫
UNǫ (b)
|vθ,j|
N dvgθ
) 1
N
.
Using the assertion
lim
b→0
lim sup
θ→0
∫
UN
θ
(b)
vNθ,i dvgθ = 0.
we obtain that
lim
b→0
lim sup
θ→0
∣∣∣∣∣
∫
UNǫ (b)
uN−2θ vθ,ivθ,j dvgθ
∣∣∣∣∣ = 0.
We get finally that∣∣∣∣∫
M
uN−2vivj dvg
∣∣∣∣ = limb→0
∣∣∣∣∣
∫
M\U(b)
uN−2vivj dvg
∣∣∣∣∣ = 0 for all i 6= j.
We now write
0 < λk(M, g) ≤ sup
(α1,··· ,αk) 6=(0,··· ,0)
F (u, α1v1 + · · ·+ αkvk)
= sup
(α1,··· ,αk) 6=(0,··· ,0)
∫
M
(α1v1 + · · ·+ αkvk)Lg(α1v1 + · · ·+ αkvk) dvg∫
M
uN−2(α1v1 + · · ·+ αkvk)2 dvg
= sup
(α1,··· ,αk) 6=(0,··· ,0)
α21
∫
M v1Lgv1 dvg + · · ·+ α
2
k
∫
M vkLgvk dvg
α21
∫
M
uN−2v21 dvg + · · ·+ α
2
k
∫
M
uN−2v2k dvg
= sup
(α1,··· ,αk) 6=(0,··· ,0)
α21λ∞,1
∫
M u
N−2v21 dvg + · · ·+ α
2
kλ∞,k
∫
M u
N−2v2k dvg
α21
∫
M u
N−2v21 dvg + · · ·+ α
2
k
∫
M u
N−2v2k dvg
≤ 0,
since each λ∞,i ≤ 0. This gives the desired contradiction.
Remark 6.6. Note that, for i ≥ 2 it could happen that
∫
M u
N−2v2i dvg = 0 if M is
not connected.
Step 2: Conclusion
Since µ2(M, g) > 0, from Step 1, we get that µ2(N, gθ) > 0. Assume µ2(N, gθ) <
µ(Sn) (otherwise, we are done). Using [10] we construct a sequence (vθ) solution of
Lgθvθ = µ2(N, gθ)|vθ |
N−2vθ,
such that ∫
N
vNθ dvgθ = 1.
By Theorem 6.3 Part 1), this holds that limθ→0 µ2(N, gθ) ≥ Λn (and the conclusion
of Theorem 6.1 is true) or there exists a function v solution on M of the equation:
Lgv = µ∞|v|N−2v,
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with µ∞ = limθ µ2(N, gθ) ≥ 0 and∫
M
|v|N dvg = 1.
This is what we assume until now.
As explained in Paragraph 6.1.1, we can assume that µ(g) 6= 0.
Case 1: µ(g) < 0.
Assume that M is connected (so is N) and let us prove that v has a changing sign.
We suppose by contradiction that v ≥ 0. The maximum principle gives that v > 0.
Let u be a positive solution of the Yamabe equation on M, i.e.
Lgu = µ(g)u
N−1.
Since v > 0, we can write:
Lgv = µ∞︸︷︷︸
≥0
|v|N−2v = µ∞vN−1.
Multiplying the second equation by u and integrating, we get
µ(g)︸︷︷︸
<0
∫
M
uN−1v dvg =
∫
M
Lguv dvg =
∫
M
uLgv dvg = µ∞︸︷︷︸
≥0
∫
M
vN−1u dvg.
This gives a contradiction. Then v have a changing sign and this implies that
µ2(M, g) ≤ sup
α,β
F (v, αv+ + βv−) = µ∞.
If M is now disconnected, then the Yamabe minimizer u is positive on a connected
component of M . If uv 6≡ 0, the same proof holds. If uv ≡ 0 then
µ2(M, g) ≤ sup
α,β
F (v, αu + βv) = µ∞
In any case, the conclusion of Theorem 6.1 is true.
Case 2: µ(M, g) > 0.
Then, λ1(N, gθ) > 0. In [10], it is established that the sign of the eigenvalues of
the Yamabe operator is conformally invariant. Consequently, λ1(N, v
N−2
θ gθ) > 0.
Set µ1 = λ1(N, v
N−2
θ gθ) and let uθ be associated to µ1. Since associated to the
first eigenvalue of the Yamabe operator, uθ is positive on at least one connected
component of N (and 0 on the other). In addition, uθ is a solution of the equation
Lgθuθ = µ1|vθ|
N−2uθ,
such that ∫
N
uNθ dvgθ = 1 and
∫
N
|vθ|
N−2uθvθ dvgθ = 0.
Using Theorem 6.3 Step 2), there exists a function u solution onM of the following
equation
Lgu = µ∞,1|v|N−2u,
where µ∞,1 := limθ µ1. Note that this limit exists after a possible extraction of a
subsequence since 0 ≤ µ1 ≤ µ2(N, gθ). Proceeding as in Step 1, we show that∫
M
|v|N−2uv dvg = 0. (19)
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By maximum principle and since uθ > 0, u > 0 on at least one connected component
of M . Then, u and v satisfy the equations
Lgu = µ∞,1|v|N−2u,
and
Lgv = µ∞|v|N−2v.
These equations implies that µ∞,1 and µ∞ are some eigenvalues of the generalized
metric |v|N−2g (see [10]). Since positive, u is associated to the first eigenvalue of
L|v|N−2g i.e. µ∞,1 = λ1(M, |v|N−2g). Hence, µ∞,1 ≤ µ∞.
Finally, we obtain that
µ2(M, g) ≤ λ2(|v|
N−2g)Vol|v|N−2g(M)
2
n = µ∞
since
Vol|v|N−2g(M) =
∫
M
|v|Ndvg = 1
and since µ∞,1 ≤ µ∞ are associated to two non proportional eigenfunctions in the
metric |v|N−2g (thanks to Relation (19)) where we recall that µ∞ = limθ→0 µ2(N, gθ).
This proves Theorem 6.1.
Remark 6.7. The reason why we need µ(g) 6= 0 is the following. If µ(g) = 0, the
proof of Case 1 clearly does not lead to a contradiction. So, we would like to apply
the method used in Case 2 above. For this, we need that λ1(v
N−2
θ gθ) is bounded.
When µ(g) > 0, this holds true since
0 ≤ λ1(v
N−2
θ gθ) ≤ λ2(v
N−2
θ gθ) = µ2(N, gθ)→ µ∞.
If µ(g) = 0, one cannot say nothing about the sign of λ1(v
N−2
θ gθ). In particular, if
it is negative, we were not able to prove that λ1(v
N−2
θ gθ) is bounded from above
and the proof breaks down.
7. Some applications
In this section, we establish some topological applications of Theorem 1.6.
7.1. A preliminary result. We have
Proposition 7.1. Let V ,M be two compact manifolds such that V carries a metric
g with Scalg = 0 and σ(M) > 0, then
σ2(V ∐M) ≥ min(µ2(g), σ(M)) > 0.
Proof: On V ∐M , let G = λg+µh, where λ and µ are two positive constants and
for a small ǫ, h is a metric such that σ(M) ≤ µ(M,h) + ǫ. We have
Spec(LG) = Spec(Lλg) ∪ Spec(Lµh)
= λ−1Spec(Lg) ∪ µ−1Spec(Lh)
= {λ−1λ1, λ−1λ2, · · · } ∪ {µ−1λ′1, µ
−1λ′2, · · · }
where λi (resp. λ
′
i) denotes the i-th eigenvalue of Lg (resp. Lh). The assumption
we made allows to claim that λ1 = 0, λ2 > 0 and λ
′
1 > 0. Hence, we deduce that
λ2(LG) = min{λ
−1λ2, µ−1λ′1}.
We know that
VolG(V ∐M) = λ
n
2 Volg(V ) + µ
n
2 Volh(M).
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• For µ = 1 and λ→ +∞, we have
λ2(LG) = λ
−1λ2.
λ2(LG)VolG
2
n (V ∐M) = λ−1λ2
(
C + λVolg
2
n (V )
)
→λ→+∞ λ2Volg
2
n (V ) = µ2(g).
• For λ = 1 and µ→ +∞, in this case
λ2(LG)) = µ
−1λ′1.
Hence
λ2(LG)VolG
2
n
g (V ∐M) = µ
−1λ′1
(
C + µVolh
2
n
)
→µ→+∞ λ′1Volh
2
n = µ(M,h) ≥ σ(M)− ǫ.
Finally we get that
σ2(V ∐M) ≥ min(µ2(g), σ(M)).
Remark 7.2. (1) It is known that if σ(M) > 0 and σ(N) > 0, then
σ(M ∐N) = min(σ(M), σ(N)),
where M ∐N is the disjoint union of M and N . (see [4]).
(2) Let V with σ(V ) ≤ 0, then for k ≥ 2
σ2(V ∐ · · · ∐ V︸ ︷︷ ︸
k times
∐M) ≤ 0.
Indeed, let any metric g = g1 ∐ g2 ∐ · · · ∐ gk ∐ gn on V ∐ · · · ∐ V ∐ M . Let
vi be functions associated to λ1(gi) which is non-negative by assumption. The
functions v˜i = 0 ∐ · · · 0 ∐ vi︸︷︷︸
ithfactor
∐ 0 · · · ∐ 0 are linearly independent and satisfy
Lg(v˜i) = λ1(gi)vi and thus are eigenfunctions of Lg. This implies that λk(g) ≤ 0
and since k ≥ 2, λ2(g) ≤ 0.
This remark explains the condition |α(M)| ≤ 1 in Corollary 1.7: it is used to
ensure that M is obtained from a model manifold V ∐N with a number of factors
V (where V carries a scalar flat metric and σ(N) > 0) not larger than 1. We recall
that the α-genus is an homomorphism from the spin cobordism ring ΩSpin∗ to the
real K-theory ring KO∗(pt),
α : ΩSpin∗ → KO∗(pt).
It is important that α is a ring homomorphism, i.e. for any connected closed spin
manifolds M and N , α(M ∐N) = α(M) + α(N) and α(M ×N) = α(M).α(N).
Noting that KOn(pt) vanishes if n = 3, 5, 6, 7 mod 8, is isomorphic to Z if n = 0, 4
mod 8 and is isomorphic to Z/2Z if n = 1, 2 mod 8. Recall also that α is exactly
the Aˆ-genus in dimensions 0-mod 8 and equal to 12 Aˆ-genus in dimensions 4 mod 8.
In [9], Proposition 3.5 says that in dimensions n = 0, 1, 2, 4 mod 8, there exists a
manifold V such that α(V ) = 1 and V carries a metric g such that Scalg = 0.
•When α(M) = 0 then Thm A in [20] applies and σ(M) ≥ αn where αn depending
only on n.
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Theorem 7.3. Let M be a spin manifold, if α(M) = 0, this is equivalent to the
existence of a manifold N cobordant to M such that the scalar curvature of N ,
Scalg is positive.
Remember that a cobordism is a manifold W with boundary whose boundary is
partitioned in two, W =M ∐ (−N).
Theorem 7.4. If M is cobordant to N and if M is connected then M is obtained
from N by a finite number of surgeries of dimension 0 ≤ k ≤ n− 3.
Proposition 7.5. Let M be a spin, simply connected, connected manifold of di-
mension n ≥ 5, if n = 0, 1, 2, 4 mod 8 and |α(M)| ≤ 1, then
σ2(M) ≥ αn,
where αn is a positive constant depending only on n.
Proof: Proposition 3.5 in [9] gives us that for each n = 0, 1, 2, 4 mod 8, n ≥ 1, there
is a manifold V of dimension n such that V carries a metric g such that Scalg = 0
and α(V ) = 1.
• First case: If α(M) = 0, then M is cobordant to a manifold N such that Scalg
on N is positive. In this case we can obtained M from N by a finite number of
surgeries of dimension k ≤ n − 3. Hence, by Corollary σ(M) ≥ cn with cn is a
positive constant depending only on n.
• Second case: If α(M) = 1, then α(M ∐ (−V )) = 0, so there exists a manifold
N with Scalg > 0 such thatM ∐ (−V ) is cobordant to N which is equivalent to say
that M is cobordant to V ∐N . Consequently M can be obtained from V ∐N by a
finite number of surgeries of dimension k ≤ n − 3. Applying the main theorem of
this paper, we get the desired result.
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